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Throughout this paper, let G denote a finite group and p a prime number. 
Notation used without further explanation is standard. If G is p-soluble, 
r,(G) will denote the largest integer n such that G has a chief factor of order 
p (with r,(G) = 0 if p does not divide 1 G I): see [7, p. 685, VL5.21. If G 
is soluble and r,(G) = 1 for every prime divisor p of 1 G 1 then G is 
called supersoluble. A familiar consequence of the supersolubility of G is 
that G possesses an ordered Sylozu tower, that is to say there is a series 
1 = G,, < Gr < ... < G, = G of normal subgroups of G such that for each 
i=l , . . ., s, GJG,-r is isomorphic to a Sylow p,-subgroup of G, where p, ,. . ., p, 
are the distinct prime divisors of 1 G / andp, >p, > ... >p, [7, p. 715, VI.9.11. 
As a partial generalization of this result, B. Huppert [6, Satz 141; see also 
[7, VI.9.11) proved that if G is a soluble group such that r,(G) < 2 for every 
prime divisor p of ( G 1, and if ( G ( is not divisible by 2 or 3, then G 
possesses an ordered Sylow tower. More recently, K. A. Corradi [2] showed 
that a group G possesses an ordered Sylow tower if j G I is divisible neither 
by 12 nor by the cube of any prime except perhaps its largest prime divisor. 
It will be shown here that the only difficulty which would arise by allowing 
the primes 2 and 3 to appear in these results arises from the possible involve- 
ment in G of the alternating group A4 of degree 4. We recall that a group 
Q is said to be involved in G if there is a subgroup El of G and a normal 
subgroup K of H such that H/K is isomorphic to Q. 
Specifically we shall prove the following results. 
THEOREM A. Let G be p-soluble, zuhere p is the smallest prime divisor of 
1 G I. If r,(G) < 2 then either G is p-nilpotent or p = 2 and A4 is involved 
in G. 
(It foIlows from the first hypothesis on G and the Feit-Thompson 
Theorem that G is actually soluble; but we shall not make use of this.) 
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An immediate consequence is the following generalization of Huppert’s 
result. 
COROLLARY 1. Let G be soluble and suppose that r,(G) < 2 for eves-,, 
prime divisor p of j G 1 except perhaps the largest. Theta either G possesses an 
ordered Sylow tower OY A” is involved in G. 
COROLLARY 2. Suppose that every p-subgroup C$ 6 can be generated by 
2 elemer.ts, where p is the smallest prime divisor of ! G I. Then either G is 
p-nilpotent or p = 2 and A4 is involved in G. 
Here it is not assumed that G is p-soluble. This result generalizes 
[7, p- 437, VI.5.111. When p = 2, A. R. Camina and T. M. Gagen [l] have 
obtained a much stronger result in case G has a Sylow 2-subgroup S with 
a cyclic normal subgroup N such that S/N is cyclic of order >2. They 
showed that then G contains a 2-nilpotent normal subgroup of index a 
divisor of 6. 
The following generalization of Corradi’s result follows at once from 
Corollary 2. 
COROLLARY 3. Suppose that every p-subgroup of G can be generated by 
2 elements for every prime divisor p of / G I except perhaps the largest. Then 
either G possesses an ordered Sylow tower or 8a is involved in G. 
For p > 2, a better result than Corollary 2 is known. If  G contains no 
elementary abelian subgroup of order p3, where p is the smallest prime 
divisor of 1 G 1 and 1 G j is odd, then G is p-nilpotent (W. Feit and 
JO G. Thompson [3, Lemma 8.51; see also [4, p. 257, 7.6.11). It is aiso known 
that for p > 2, a p-group P has no elementary abelian subgroup of order 
p3 if (and only if) all its abelian normal subgroups can be generated by 
2 elements (W. Feit and J* G. Thompson [3, Lemma 8.41 and 14; p. 202, 
5.4.151). The corresponding statement for p = 2 is false: the situation in 
that case has been investigated by Anne R. MacWilliams 191. Here we shail 
establish a result which generalizes the p-nilpotency result. 
THEOREM B. Suppose that G has no elementary abelian subgrozlp of order 
p”, for some p&ze divisor p of 1 G I. Th en one of the foUowi?g statements holds: 
(a) G is p-nilpotent, or 
(b) p” = l(q) for some prime divisor q of / G j, OY 
(c) p = 2 and j G 1 is divisible by 5. 
In their proof, Feit and Thompson make use of the fact that if P is a 
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p-group with no elementary abelian subgroup of order p3, p > 2 and P 
has an automorphism of prime order q # p then p2 = l(q) ([3, Lemma 8.41 
and [4, p. 202, 5.4.151). Here the procedure is reversed and we deduce from 
Theorem B 
COROLLARY 4. Let P be a p-group which has no elementary abelian sub- 
group of order p3, and suppose that P has an automorphism of prime order 
q # p. Then either p2 SE l(q) or p = 2 and q = 5. 
In fact we shall prove slightly more explicit results than Theorems A and 
B. In order to state these we need to introduce some notation. 
Let T denote the central product of a dihedral group of order 8 and a 
quaternion group of order 8 obtained by identifying their centres. Then T 
is an extra-special group of order 25. We shall need the following facts about T. 
LEMNLs 1. (i) T has no elementary abelian subgroup of order 23 and T 
possesses automorphisms of order 5. 
(ii) An. extra-special group of order 25 with an automorphism of order 5 is 
necessaG?y isomorphic to T. 
(iii) There is just one isomorphism type of semi-direct product of T by a 
group of order 5 with non-trivial action. 
Proof. (i) Since T’ = Z(T), of order 2, an elementary abelian subgroup 
a of T of greatest possible order must be normal in T. Since any maximal 
abelian normal subgroup of T can be generated by 2 elements [7, p. 355, 
III. 13.81, 1 S j = 22. 
To see that T possesses automorphisms of order 5, we may refer to 
[7, p. 357, III. 13.9b]. Explicitly, we can define an automorphism of T of 
order 5 as follows. We have 
T = (x, t, u, v), 
where x4 = t” = 1, x2 = ua = v2, xt = tx-1, uv = vu-1 and <,lc, t.j and 
(u, v) centralize each other. Then it can be checked directly that there is a 
unique automorphism 01 of T with 
x= = uv 2 ta = xu, U” = y-1 L , w = tlm, 
and u has order 5. 
(ii) An extra-special group of order 25 which is not isomorphic to T is 
necessarily isomorphic to the central product, X say, of two dihedral groups 
of order 8 obtained by identifying their centres [7,111.13.8]. By reference to 
[7, III.13.9b and p. 248, II.lO.l6d] we see that X has no automorphism of 
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order 5; explicitly, we can argue as follows. Let 2 = X/X: and let the usual 
“circumflex convention” apply. There is a quadratic form q: X-t- GF(2) 
on the vector space 2, defined by 
j” Q(9) = (1 
if ys=l, 
if ys # 1 YEX 
([7, III,13.8c]). Any automorphism of X induces an orthogonal transforma- 
tion of R corresponding to q. 
NOW 
where x14 = ti2 = (xiQ2 = 1 for i = 1, 2, xrs = xpp and (x1 , tr} and 
(x2 , t2> centralize each other. The elements of X on which q takes the v&e 
1 are just 
on the other 10 elements of 8, q takes the value 0. If  X had an automorphism 
LY. of order 5, the corresponding orthogonal transformation $ of 8 would also 
have order 5 (by a well-known theorem of Burnside, since X” = Q(X): see 
[7, p. 275, II1.3.181, [4, p. 174, 51.41). S ince & would permute the 6 non- 
trivial elements of X on which p takes the value 1, & would necessarily fis one 
of these elements. But then by Maschke’s theorem, the order of d would be 
a divisor of 1 GL(3, 2)j = 168, a contradiction. 
(iii) Any automorphism of T induces naturally an automorphism of 
T/T’. This correspondence defines a homomorphism of Aut T into 
GL(4,2), and by the same theorem of Burnside as before, the kernel of 
this homomorphism is a 2-group. Therefore, since the Sylow 5-subgroups 
of GL(4, 2) have order 5, the Sylow 5-subgroups of Aut T have order 5. 
Now if G is any semidirect product of T by a group of order 5 with non- 
trivial action, the action is in fact faithful. Let Hoi T denote the holomorph 
of T. Then G is isomorphic to subgroup of Ho1 T of the form. TH with 
1 El / = 5. All such subgroups are conjugate in Ho1 T because all subgroups 
of ,4ut T of order 5 are conjugate in Aut T. Hence any two semidirect products 
of T by groups of order 5 with nontrivial actions are isomorphic. 
Let BJ” denote a semidirect product of T by a group of order 5 with non- 
trivial action. (The superscript 32 is used by analogy with the superscript 4 
in d”, for one can show that 32 is the minimal degree of a faithful permuta- 
tion representation of B 33 Of course, there is a transitive such representation . 
on the cosets of a subgroup of B3" of order 5.) 
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I f  q is a prime number such that p = l(q) we let C,,, denote a nonabelian 
group of order pp. There is just one isomorphism type of such groups. If  
q is an odd prime number such that p = -l(q) we let D,?,, denote the semi- 
direct product of the additive group of the field GF(p”) by a group of order 
q, with action determined by multiplication in GF(pa) by an element of 
order q in the multiplicative group of GF(p2). We note 
LEMMA 2. Let q be an odd prime number such that p = - l(q). I f  p is odd, 
there is a unique isomorphism type of nonabelian groups of order p2q (and 
D pz,u is such a group). Also D2zs3 is isomorphic to A”. 
Proof. Suppose that p is odd and let G be a nonabelian group of order 
p2q and P a Sylow p-subgroup of G. Let n denote the number of Sylow 
p-subgroups of G. Then n = l(p) and n divides q. Hence if n #= 1, n = q 
andsoq=l(p)andp=-l(q):thenq>pandp+I>q,hencep=2, 
contrary to hypothesis. Therefore P is normal in G and G is a semidirect 
product of P by a group of order q. The action is nontrivial and therefore in 
this case must be faithful. Hence G is isomorphic to a subgroup of Ho1 P, 
the holomorph of P, of the form PQ, where Q is a subgroup of order q. 
Also 1 P j = p2 and since p f  l(q), P must be elementary abelian. Hence 
Aut P is isomorphic to GL(2, p). S’ mce GL(2, p) has a cyclic subgroup of 
order p2 - 1 and since q does not divide p2 - p and 1 GL(2, p)I = 
(p2 - l)(p2 - p), Aut P has cyclic Sylow q-subgroups. Hence the subgroups 
of Aut P of order q are all conjugate in Aut P. Therefore all the subgroups of 
Ho1 P of the form PQ, with 1 Q j = q, are conjugate in Ho1 P and therefore 
isomorphic. 
It is clear that D29,3 is isomorphic to A”. 
The results to be proved are the following generalizations of Theorems A 
and B. 
THEOREM A’. Let G be a p-soluble with rS(G) < 2. If  G is not p-nilpotent 
then for some prime divisor q of 1 G j, eitlzer p = l(q) and C,,, is involved in 
G or q is odd, p = - l(q) and D,n,, is involved in G. 
TKEOREM B’. Suppose that G has no elementary abelian subgroup of 
order p3, for some prime divisor p of 1 G I. Th en one of the-following statements 
holds : 
(i) G is p-nilpotent, or 
(ii) p > 2 and for some prime divisor q of / G [ eithu p = l(q) alzd 
C,,, is involved in G or q is odd, p = -l(q) and D,z,, is involved in G, 01 
(iii) p = 2 and either A4 or B3” is involved in G. 
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In connexion with Theorems A’ and B’ we note that J. G. Thompson has 
proved that if p > 2 and G is p-soluble with no elementary abelian subgroup 
of order p3 then in fact r,(G) < 2 ([ll, Lemma 52.41). 
From Theorem B’ another sufficient condition for the existence of ordered 
Sylow towers follows at once. 
COROLLARY 5. Suppose that for every prime divisor p of / G / except 
perhaps fhe largest, G has no elementary abelian subgroup of order p3. Then 
if G does not possess an ordered Sylow tozuer, either A4 01’ BY2 is .imolved in 6. 
We prove Theorems A’ and B’ by least counter-example arguments. In 
either case suppose the result false and let G denote a counter-example of 
least possible order. The hypotheses are inherited by all subgroups of 6, 
so we may assume that G is a group which is not p-nilpotent but whose 
proper subgroups are all p-nilpotent. Now a theorem of N. It6 [S; and 7, 
p. 434, IV.5.41 is applicable. G must be a minimal nonnilpotent group, with 
normal Sylow p-subgroup P and G/P a cyclic q-group for some prime q + $. 
We shall make use of standard properties of minimal nonnilpotent groups, 
to be found in [7, p. 281, 111.5.21. In addition we need the following facrs, 
which are contained in a paper of L. RCdei [lo; see also 5, especially pp. 16 
171. Short proofs are included here. 
LEMMA 3. Let G be a minimal nonnilpotent group, so that G has a nor?naE 
Sylow p-subgroup P for some prime p and G/P is a cy&c q-group for some 
prime q f  p. Then P/P’ is a chief factor of G, P’ is elementary abelian and 
I P/P’1 =P O(M) 3 a.0 here o(p, q) denotes the least positive integer n such that 
pi” = l(q). 
Proof, Let Q be a Sylow q-subgroup of G. We note first that P/@(P,I is 
a chief factor of G. If  not there would be a normal subgroup PI of G with 
D(P) < PI < P, and then by Maschke’s theorem there would also be a 
normal subgroup P2 of G with B(P) < P2 < P and 
P/@(P) = P,/@(P) x P,/@(P). 
But then PIQ and P2Q would be proper subgroups of G and therefore nil- 
potent. From this it would follow that C,(Q) 3 PIP2 = P. This is false 
since G is not nilpotent. 
Next, P’ is abelian (since by [7, III.5.2b], P’ < Z(G)) and has exponent 
p or 1. The justification for the latter assertion follows the argument for 
[7: 111.5.2~1: namely, since P has class <2, 
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for any elements x1 , x2 of P; hence since x1” E Q(P) < Z(G), 
[Xl ) X$J = 1. 
Thus the abelian group P’ is generated by elements of orders dividing p 
and therefore P’ has exponent dividing p. 
Now let G = G/P’ (with the “circumflex convention” applying). Since 
P’< Z(G), G is nonnilpotent. We shall prove that P’ = @(P) by showing 
that P has exponent p, that is (since P is abelian) by showing that G,(p) = p. 
Suppose to the conxy that KZ$(p) < p. Then m,(p) a(p) < P and there- 
fore, since Q(p) = Q(P) and hence by what we have proved p/@(p) is a 
chief factor of G, G1(p) < D(P). But then & centralizes 4(P) and therefore 
[4, p. 178, 5.2.41 & centralizes P. But this is contrary to the fact that G is 
nonnilpotent. Hence P’ = G(P), as claimed. 
Finally, let 1 P/P’ 1 =pTL. Since @(Q) < Z(G), G/@(Q) is nonnilpotent. 
Hence the group Q/@(Q), of order q, acts faithfully and irreducibly on P/P’. 
Now it follows from [7, p. 165, 11.3.101 that n = o(p, q). 
Proof of Theorem A’. Suppose the result false and let G be a counter- 
example of least possible order. Then as pointed out above, G is a minimal 
nonnilpotent group with normal Sylow p-subgroup P and G/P is a cyclic 
q-group for some prime q # p. In fact, 1 G/P / = q since otherwise G would 
have a nontrivial normal q-subgroup, and then the quotient of G by this 
would be p-nilpotent, since the hypotheses on G are obviously inherited by 
quotients of G. But then G would itself be p-nilpotent, contrary to hypoth- 
esis. By Lemma 3, P/P’ is a chief factor of G, and so by hypothesis has order 
p or p”. Hence o(p, q) = 1 or 2. If o(p, q) = 1, p = I(q) and G/P’ is a 
nonabelian group of order pq, hence G/P’ is isomorphic to C,,, , a contra- 
diction. If o(p, q) = 2, then q > 2 and p = -l(q). Since G/P’ is in this 
case a nonabelian group of order p2q it follows from Lemma 2 that if p > 2 
then G/P’ is isomorphic to D92,q, again a contradiction. The only remaining 
possibility is that p = 2, q = 3 and I G/P’ I = 12. But then since G/P’ is 
nonabelian with a normal Sylow 2-subgroup, it follows that G is isomorphic 
to A*, that is to Dp2,3 , a final contradiction. 
Proof of Corollary 2. Again suppose the result false and let G be a counter- 
example of least possible order. Ito’s theorem applies to show that G must 
be a minimal nonnilpotent group. But then G is soluble; and by hypothesis, 
every p-chief factor of G can be generated by 2 elements, hence r,(G) < 2. 
Now Theorem A gives a contradiction. 
To prove Theorem B’, we need a variant of a known result about extra- 
special p-groups (see [7, p. 353, 111.13.71). 
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LEMMA 4. Let P be a rzonabelialz p-group with Q(P) = P’ < Z(P) and 
j P’ / = p. View $ = P/P’ as a vector space over GF(p) in the natural way: 
tkis vector space is a synzplectic space relative to the bilinear form f  de$zed 
(foT all x, y  E P) by 
f  (a, j) = a, 
wlzeve P’ = (<z> a?zd [x, yj =A (and a is interpreted (modp)). Then Z(P) 
z’s the ladicab of p and if 1 Z(P)1 = pr the?z 1 P j = pr+2s+1 for sowze intege; 
s > 0. Moreover, P has abelian subgroups of order pT+“+l and eleme?ztary 
abelian subgroups of osder JY+~. 
Proof. For any particular choice of generator z of P’, f  is a well-defined 
bilinear form on P, since P’ < Z(P), and f  is obviously alternating. BJ 
definition, the radical of P is 
(iEPIf(S,j) =OforallyEP) 
={~EP~[x,y]=lforallyEPJ’ 
We now apply the structure theorem for a symplectic space j[7, p. 217, 
II.9.6Jj. For some integer s > 0, 
P = (li@j,P,,j, )..., a,,p,> 
where, for .i, j = l,..., s, 
f  (ai , Si) = 1 and whenever i + j 
0 = f  (ai ) L&) = f(ii , j$) = f  (ai , fj). 
Thus / P/Z(P)1 = pzs, so that with 1 Z(P)/P’ 1 = pr, 
/ p / = pr+b+1. 
The subgroup d = Z(P)(xl ,..., x2 has order ~r+~+r and is abelian. Then 
since I A/@(P)] =pr+S, A has an elementary abelian subgroup of order 
v+s 
P . 
Proof of Theorem B’. Suppose the result false and let G be a counter- 
example of least possible order. As before, G is a minimal nonnilpotent group 
with normal Sylow p-subgroup P and G/P is a cyclic q-group for some prime 
q f  p. Again, 1 G/P I = q: otherwise G would have a normal p-subgroup 
H f  1 and then, since P would be isomorphic to PH/H, a Sylow p-subgroup 
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of G/H, G/H would satisfy the same hypotheses as G. But then G/H would 
be p-nilpotent, hence also G would be p-nilpotent, contrary to hypothesis. 
By Lemma 3, P/P’ is a chief factor of G, 1 P/P’ j = pO(~,q) and P’ is elementary 
abelian. Hence by hypothesis, 1 P’ 1 < p”. 
I f  P’ = 1 then also by hypothesis 1 P 1 < p2 and so o(p, q) = 1 or 2. As 
in the proof of Theorem A’, this leads to the involvement in G of either 
C,,, or Ds,~ , a contradiction. 
Hence P is nonabelian and 1 P’ 1 = p or p2. Let P,, < P’ with / PI/P,, [ = p. 
Since P’ < Z(G), PO is normal in G. We coFder G = G/PO, with the 
“circumflex convention” applying. Then la’ = P’, of order p. In particular, 
P is nonabelian. Then, since P’ < Z(G), p’ < Z(p) < $. But Z(p) is 
normal in G and p/p is a chief factor of G. Therefore 
P’ = Z(P) = CD(P): 
thus $j is extra-special. By Lemma 4, 
1 P 1 = p2m+l, where 2nz = o(p, q), 
and p has abelian subgroups of order pm+t and elementary abelian subgroups 
of order p”. 
Now we note that m > 1, and if p = 2, m > 2. For if vz = 1 then 
o(p, q) = 2: this implies that q > 2 and p E -l(q) and, as in the proof of 
Theorem A’, it follows that G/P’ is isomorphic to D,?,, , a contradiction. 
Also if p = 2 and m = 2 then o(2, q) = 4, which forces q = 5. But G is 
not 2-nilpotent: for if it were, so would G be, since PO < Z(G). Hence p 
is an extra-special group of order 25 with an automorphism of order 5. It 
follows by Lemma 1 that P is isomorphic to T and hence that G is isomorphic 
to B3”, a contradiction. 
Suppose that / P’ 1 = p. Then P,, = 1 and G = G: so P has abelian sub- 
groups of order pn+l and elementary abelian subgroups of order pnl. Hence 
by hypothesis nr < 2, which by what we have shown above implies that 
p > 2 and vz = 2. But when p > 2, P has exponent p ([7, III.5.2cl) and so 
the abelian subgroups of P of order pm+l are in this case elementary. Then 
by hypothesis nz + 1 < 2, a contradiction. 
Hence I P’ 1 =p”. Now for any x E P\P’, (x> P’ is abelian, since 
P’ < Z(G). If  p > 2, P has exponent p, in which case (xj P’ is elementary 
abelian, hence by hypothesis has order < p2. Thus if p > 2, / P’ j = p, 
which we have seen to be impossible. 
Therefore p = 2 and I P’ I = 28. Let PI/P,, be an elementary abelian 
subgroup of p of largest possible order; we know that this is >2m. If PI 
were abelian, it would have an elementary subgroup of order 2”’ and so by 
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hypothesis 1iZ < 2, a possibility which has already been ruled out. Hence 
Pr is nonabelian and 
P; = P, = @(PI) < Z(P,). 
In fact LDO < Z(P,): for we must have P’ < PI ; if not me should have 
p1 n P’ = 1 with p)’ = Z(p), and then @ = p1 x P’, an elementar> 
abelian subgroup of P of order > 1 p1 1, contrary to the choice of P1 _ Hence 
PO<Ppi< 6 n Z(p) G -VI). 
Let / Z(P,)jPl’ / = 2’, where 1’ > 0. By Lemma 4, 
( PI 1 = 2rf28ti 
from some integer s > 0 (since PI is nonabelian), and PI has elementary 
abelian subgroups of order 2’+S. Hence 
I’ + s -g 2, I’ > 0, s > 0, r f  2s > nz and In. > 2. 
These inequalities imply that 
y=s=l and nz = 3. 
Hence o(2, 9) = 6. 
Then since 2’j = l(a), it follows that 2 = 3 or 7. But o(2, 3) = 2 and 
o(2, 7) = 3: a final contradiction. 
Proof of Corollary 4. Let 01 be an automorphism of P of prime order 
q f  p, and consider the subgroup G = (LY))P of the holomorph of P. If G 
were p-nilpotent then (CX> would be a direct factor of G, and so ci would 
act trivially on P, a contradiction. The result nom follows from Theorem B. 
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